The instability of a vertical fluid motion (throughflow) in a binary mixture saturating a horizontal porous layer, uniformly heated from below, uniformly salted from below by one salt and permeated by an imposed uniform magnetic field H, normal to the layer, is analyzed. By employing the order-1 Galerkin weighted residuals method, the critical Rayleigh numbers for the onset of steady or oscillatory instability, have been determined.
Introduction
The onset of convection in porous media [1] (and the references therein) with particular regard to the porous magneto-hydrodynamic has been, in the past as nowadays, a topic of relevant interest because of the numerous applications in geophysics, astrophysics, industrial processes and since the inhibitory effect of the magnetic field on the onset of convection is used, for instance, in directional solidification of binary alloys. A wide literature can be found on different aspects of porous convection. In particular, in [2] the linear stability of a uniform parallel flow in a horizontal channel with open upper boundary, has been performed; in [3] the linear stability of an unsteady thermal boundary layer in a semi-infinite porous medium is considered; in [4] the thermal instability is analyzed on considering two different boundary conditions on the bounding walls. In [5] the onset of double-diffusive convection with heat generation and absorption effects, has been performed. The more general case when the permeability of the medium is a continuous periodic function of one of the horizontal direction, has been investigated in [6] while in [7] the influence of an embedded, central, solid heat-conducting block on the onset of convection has been analyzed. Reference [8] is a very recent paper dealing with thermal convection in an inclined anisotropic porous layer with internal heat generation. The stabilizing effect of a magnetic field on the onset of convection in an electrically conducting fluid saturating a horizontal porous layer, has been performed in: [9] , where the influence of the inertia term in the Darcy equation has been included; [10] on considering the onset of double-diffusive convection; [11, 12] in the case of a vertical channel with symmetric and asymmetric wall heating conditions and in a isothermal inclined surface adjacent to a stratified porous medium; [13, 14] where the Brinkman law, holding for large pores, has been introduced; [15] where the validity of Linearization Principle guaranteeing the absence of subcritical instability without any restriction on the initial data, has been proved.
Generally, the onset of thermal convection in porous layers may be steady or oscillatory according to the type of the secondary motion arising when the thermal conduction is no longer observable. When the principle of exchange of stability holds, a secondary steady motion (throughflow) arises together with the question of determining until this motion is observable. The problem of analyzing the stability/instability of throughflows, has been the subject of many papers. Just to mention a few, in [16, 17] , the instability of a vertical throughflow has been analyzed on considering, respectively, the effect of viscous dissipation and a non-Newtonian power-law fluid; in [18] the simultaneous influence of a vertical magnetic field and a rotation on the instability of a vertical throughflow in a clear fluid, is considered. In [19] [20] [21] [22] , the instability of a vertical constant throughflow in a binary mixture is analyzed on considering different effects such as the Brinkman law and a uniform rotation. Horizontally periodic throughflows have been analyzed in [23] . Instability of throughflow in superposed fluids in porous layers has been investigated in [24] . Nonlinear stability, without any restriction on the initial data, has been obtained in [25] for penetrative convection. Non-uniform heating effects on oscillatory instability for a throughflow in a porous medium has been analyzed in [26] . The combined effects of throughflow and magnetic field in micropolar fluids is investigated in [27] . In [28] , the double-diffusive instability on a vertical constant throughflow has been examined and the critical Rayleigh number for the onset of instability has been determined by using the order-1 Galerkin method. In [29] the instability a weak bidimensional throughflow on the Darcy-Bénard problem in a finite box, is analyzed. Other fundamental papers concerning the stability/instability of vertical throughflows on considering different effects are [30] [31] [32] [33] [34] [35] [36] . The question of determining whenever the secondary motion arising after the loss of stability, is stationary or oscillatory, is a problem of fundamental importance especially in applications involving cloud physics, hydrological/geophysical studies, seabed hydrodynamics, subterranean pollution and many industrial and technological processes. Furthermore, throughflows play an important role in the directional solidification of concentrated alloys, in which mushy zone exists and it is regarded as a porous layer [26] .
In the present paper, we want to estimate the simultaneous presence of the stabilizing effects of the magnetic field and of the salt together with the destabilizing effect of the heating from below on the onset of instability for a vertical constant motion. In particular, we investigate the instability of a vertical constant throughflow in a horizontal porous layer, uniformly heated from below and uniformly salted by one chemical from below, embedded in a constant transverse magnetic field. Our aim is to determine the critical Rayleigh thermal number at which instability occurs and to investigate for the kind of secondary motion arising when the (basic) vertical throughflow is no longer observable. Furthermore, we investigate the stabilizing/destabilizing effect of the vertical throughflow on the onset of instability.
The plan of the paper is as follows. Section 2 deals with the introduction of the mathematical problem. Instability analysis via the normal modes is performed in Section 3. The critical Rayleigh thermal number at which steady or oscillatory instability can occur, is determined by employing a 1-order Galerkin weighted residuals method. The paper ends with a Conclusion section containing a table to show some examples in which steady or oscillatory instability sets in and a figure showing the behaviour of R s (critical thermal Rayleigh number for the steady instability) and R o (critical thermal Rayleigh number for the oscillatory instability) versus Pe (Peclet number).
Mathematical Model
Let L be a horizontal porous layer of depth d through which a homogeneous incompressible electrically conducting fluid moves under the action of an imposed uniform magnetic field H, normal to the layer. Let us assume that L is uniformly heated from below and salted from below by one chemical S. Introducing Oxyz, an orthogonal frame of reference with fundamental unit vectors i, j, k (k pointing vertically upwards), the Darcy model for the motion of the binary fluid mixture, according to the Boussinesq approximation, are (see [1, 10] and the references therein):
and v = (U, V, W) = seepage velocity, T = temperature, p = pressure,
where the subscript m and f refer to the medium and fluid respectively. To (1) we append the boundary conditions
being q, H 0 constants. The boundary value problem (1) and (2) admits the steady state m * = (p * , v * , T * , C * , H * ) given by
and p * (z) solution of (1) 1 . Introducing the perturbation fields {π, u, θ, h, Γ} given by
applying the transformation
it follows that the non-dimensional evolution system for {π, u, θ, h, Γ}, omitting the primes, is:
To (6) the following initial-boundary conditions are appended (impermeable and perfect conductors boundaries) [37, 38] 
being u = (u, v, w), h = (h 1 , h 2 , h) and ∇ · u 0 = 0, ∇ · h 0 = 0. Denoting by
the periodicity cell, we assume that the perturbations {u, v, w, h 1 , h 2 , h, π, θ, Γ} belong to W 2,2 (Ω), ∀t ∈ R + and are periodic in the x and y directions of periods 2π a x , 2π a y , respectively.
Instability Analysis Via Normal Modes
To study the instability of the throughflow solution (3), let us neglect the nonlinear terms in (6) and let us denote by (∇π,û,θ,Γ) the solution of the linearized version of (6) and (7) . On taking the third components of the double curl of (6) 1 and of the z-derivative of (6) 2 , one obtains
being
On looking for solutions of normal modes type, in view of periodicity in the x and y directions, one has that
being σ ∈ C. Setting
one recovers that ∀ϕ ∈ {ŵ,ĥ,θ,Γ}
Substituting (9) in (8), one obtains
under the boundary conditionsw =θ =Γ = Dh = 0, on z = 0, 1.
To determine an approximate solution of (12) and (13), we employ an order-1 Galerkin weighted residuals method [35] . To this end, we choose as trial functions satisfying the boundary conditions (13)
where C i are constants i ∈ {1, 2, 3, 4}. Substituting (14) in (12), we obtain three residuals. Making these residuals orthogonal to the trial functions over the range 0 ≤ z ≤ 1, one obtains the following system of four linear algebraic equations in the four unknown C 1 ,
Requiring the vanishing of the determinant of the coefficient matrix, one obtains the approximate instability threshold
with ξ = a 2 + π 2 . The meaning of (16) is the following. Once fixed a 2 ∈ R + , for R T = R c the throughflow (3) loses its stability and a secondary motion, steady or unsteady, arises. We remark that, by numerical computation, this is a good approximation for Pe ≤ 1.
The critical Rayleigh thermal number at which a secondary steady motion arises when (3) becomes unstable (say R s ), is obtained on substituting σ = 0 in (16) and looking for the minimum with respect to a 2 ∈ R + , i.e., R s = min
with f (a 2 ) := 4π 2 + Pe 2 4π 2 + Le 2 Pe 2 R C +
Simple calculation shows that min
with a 2 c = π 2 1 +Q 2 (20) and hence R s is given by
The critical Rayleigh number at which a secondary oscillatory motion arises (say R o ) is obtained on substituting σ = iσ 1 , σ 1 = 0 in (16) and looking for the minimum with respect to a 2 ∈ R + . Setting the imaginary part equal to zero it follows that
From (22), it easily follows that, when
(22) does not admit any solutions, i.e., instability can occur only via a steady state. When (23) is not satisfied, then, denoting by σ * the positive root of (22) , one has that
with g(a 2 ) := 4π 2 + Pe 2 4π 2 + Le 2 Pe 2
From (18) and (25) , it follows that in the case
one has g(a 2 ) < f (a 2 ), ∀a 2 ∈ R + (27) and hence R o < R s . This means that, when (26) holds, the secondary motion arising when (3) becomes unstable, is oscillatory. We remark that condition (23) continues to be a sufficient condition for the onset of steady instability when the fluid is, initially, at the rest state [10] . Let us assume that (23) holds and let us compare R s in (21) with the critical Rayleigh thermal numbers in [10, 22] found, respectively, in the absence of throughflow and in the absence of the magnetic field. When Pe → 0 (negligible throughflow), one has that lim Pe→0
that is the critical Rayleigh thermal number for the onset of steady convection found in [10] . Analogously, whenQ 2 → 0 (negligible magnetic field), one has that
that is the critical Rayleigh thermal number for the onset of steady instability of a vertical constant throughflow in a binary mixture saturating a horizontal porous layer, found in [22] . In the case (23) , in order to look for the influence of the throughflow on the onset of instability, let us remark that
and hence if (1 − Le 2 ) ≥ 0, then the throughflow has a stabilizing effect on the onset of steady instability. Analogously, in order to look for the influence of the magnetic field on the onset of instability, one has that
i.e., the magnetic field has a stabilizing effects, as one is expected.
Conclusions
The instability of a vertical constant throughflow in a horizontal porous layer embedded in an external constant magnetic field and filled by an electrically conducting double fluid mixture, is performed. The order-1 Galerkin weighted residuals method, has been employed to determine the critical Rayleigh numbers for the onset of steady and oscillatory instability. This method provides a good approximation for Pe ≤ 1. Sufficient conditions for the occurrence of steady and oscillatory instability have been found. In the following Table 1 , some values of the constant parameters appearing in (6) have been fixed, in order to show some examples in which steady or oscillatory instability sets in. Furthermore, the stabilizing effect of the vertical constant throughflow for the onset of steady convection, has been examined. In Figure 1 , the stabilizing effect of the vertical constant throughflow on the onset of instability, is showed. Author Contributions: The authors conceived the mathematical model, proved the mathematical results and wrote the paper together. The authors gave their final approval for publication.
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